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Abstrat
We alulate the Coulomb sattering amplitude for two eletrons injeted with opposite momenta in an interating 2DEG.
We inlude the eet of the Fermi liquid bakground by solving the 2D Bethe-Salpeter equation for the two-partile Green
funtion vertex, in the ladder and random phase approximations. This result is used to disuss the feasibility of produing
spin EPR pairs in a 2DEG by olleting eletrons emerging from ollisions at a pi/2 sattering angle, where only the entangled
spin-singlets avoid the destrutive interferene resulting from quantum indistinguishability. Furthermore, we study the eetive
2D eletron-eletron interation due to the exhange of virtual aousti and optial phonons, and ompare it to the Coulomb
interation. Finally, we show that the 2D Kohn-Luttinger pairing instability for the sattering eletrons is negligible in a GaAs
2DEG.
I. INTRODUCTION
Reent experiments
1,2
have allowed for the imaging of
the oherent eletron ow in a two-dimensional eletron
gas (2DEG), demonstrating a roughly diretional inje-
tion through a quantum point ontat (QPC) tuned to
his lowest transversal mode. We propose here to use
suh a setup to investigate Coulomb sattering in 2D,
by measuring the sattering ross-setion. This provides
a natural motivation for solving a long-lasting problem
in Fermi-liquid theory: nding the sattering amplitude
for the Coulomb interation in a 2D system, inluding
the eet of the many-partile bakground of the inter-
ating Fermi sea. We derive
3
the sattering amplitude
f by solving the Bethe-Salpeter equation in the ladder
approximation and for eletrons in the Cooper hannel
(opposite momenta)
4,5
. This solution provides a use-
ful addition to Fermi-liquid theory applied to eletron-
eletron interation. The development of Fermi-liquid
theory, whih goes bak over many deades, inludes dis-
ussions of sreening
6
, the lifetime of quasi-partiles
7,8
,
the renormalization fator Z of the Green funtion9,10,
the eetive mass
10,11
, and sattering
12,13,14
. An addi-
tional issue is how strongly the Coulomb sattering is
aeted by the eetive eletron-eletron interation me-
diated by the exhange of virtual phonons, whih have
been studied, for instane, in the ontext of Coulomb
drag (see e.g. Ref.
15
) and sreening
16
. Another extension
onerns the eet of lower dimensionality
13,17
in Kohn-
Luttinger superondutivity
12
, and the question of the
strength of superonduting utuations (if any), whih
ould, in priniple, spoil the Coulomb sattering.
A seond motivation for this work omes from the
urrent eorts devoted to solid-state implementations of
quantum information protools using the spin of indi-
vidual eletrons as qubits
18,19,20
. In partiular, the ex-
perimental demonstration of entangled (EPR) pairs of
spin-qubit is still a present-day hallenge, and has mo-
tivated a number of theoretial proposals for entanglers,
i.e. devies reating mobile (spin-) entangled eletrons.
These proposals relied on energy ltering via quantum
dots
18,21,22,23
and arbon nanotubes
24
, and/or the use of
superondutors
21,24,25,26
. Other shemes are in loser
relation with optis, and use beam-splitters for spin
27
,
orbital
28
or partile-hole entanglement
29,30
.
We propose
3
here a simple idea for the reation of
spin-entangled pairs in a two-dimensional eletron gas
(2DEG), inspired by the well-known interferene eet
found in vauum for the sattering of indistinguishable
partile
31,32
. Using the fat that eletron pairs in the
singlet (triplet) spin state behave like spinless bosons
(fermions) in spin-independent ollisions, we propose to
ollet eletrons emerging from eletron-eletron ollision
with a sattering angle θ = π/2. In this situation, the
destrutive interferene is omplete for triplets; hene the
olleted eletrons must be in the entangled singlet state
|S〉 = (| ↑↓〉 − | ↓↑〉)/√2, whih is one the EPR states
desirable for quantum information protools. The ques-
tion now arises whether this two-partile exhange eet
survives in the presene of a sea of interating eletrons.
Using our solution for the sattering amplitude f , we
will show that the entanglement reated (or rather, post-
seleted) by the ollision should be observable in a real-
isti 2DEG.
We emphasize that our study of eletron-eletron in-
teration is motivated by the prospet of seeing experi-
mental ontrol on the propagation of eletrons in 2DEGs
and on their quasi-partile properties. The experiments
of Ref.
1,2
have used eletron sattering o an SPM tip to
image both quantum interferenes and ray-like propaga-
tion of eletrons, inluding diration. They have also
shown ontrol over the quasi-partile lifetimes for hot
eletrons, in good agreement with Fermi-liquid theory.
The theoretial work presented here indiate that suh
experimental studies an be extended to more general
Fermi-liquid eets involving two quasi-partiles
33
.
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Figure 1: Setup. Two quantum point ontats (QPC) allows the injetion of eletrons from two reservoirs with initial momenta p1 ≃ −p2.
(a) Measuring the ondutane as a funtion of the SPM tip position gives an estimate of the eletron ux
1
and, thereby, of the dierential
sattering length λ(θ) (top). Alternatively, one an dene bins spanning dierent angles, and ollet the urrent in the drain ontats
(bottom). (b) EPR setup. The eletrons are olleted in two detetors (with an aperture angle 2δθ) plaed suh that only eletrons
emerging from ollisions with a sattering angle around pi/2 are deteted. Beause of antisymmetrization, the sattering amplitude
identially vanishes for the spin-triplet states, allowing only the spin-entangled singlets (EPR pairs) to be olleted. () Sattering
parameters. The initial (p1,p2) and nal (p
′
1,p
′
2) momenta are onneted by a irle of radius p
′ = p due to energy and momentum
onservation, where the relative momenta are p = (p1 − p2)/2,p′ = (p′1 − p′2)/2 and θ = ∠(p,p′) is the sattering angle. The
Cooper hannel is dened by 2α = ∠(p1,−p2)→ 0.
We start in Setion II by desribing the envisioned
setup and the mehanism for the prodution of EPR
pairs. We write down in Se. III the problem in a
Fermi liquid approah, solve the Bethe-Salpeter Eq. in
the ladder approximation, using RPA and onsidering
the Cooper hannel (opposite inident momenta). The
solution for the sattering amplitude (the t−matrix) is
written in Eq. (38) in terms of a Fourier series, with ex-
pliit expressions for the oeients. We study in Se.
IV the sattering ross-setion, and address in more de-
tails the issue of the prodution and detetion of the EPR
pairs. We investigate in Se. V the eletron-eletron in-
teration mediated by phonons, and show that it does
not have a signiant eet on the sattering. In Se.
VI we show that no superonduting instabilities arises
from the Kohn-Luttinger mehanism
12
. We nally on-
sider in more detail the ase of small rs in the Appendix.
We derive in Appendix A analytial expressions for the
sattering amplitude and its derivative at θ = π/2. In
Appendix B we develop a dierent alulation valid for
very small rs, whih is needed to estimate the ontribu-
tion of forward sattering states.
II. SETUP AND PRODUCTION OF EPR PAIRS
The setup for the study of Coulomb ollisions in a
2DEG is desribed in Fig. 1. Two quantum point on-
tats (QPC) tuned in their lowest transversal mode lter
eletrons esaping from two thermal reservoirs
1
, and al-
low them to ollide with inident momenta p1 ≃ −p2
and nal momenta p′1,p
′
2. A way to measure the sat-
tering length is to use an SPM tip and to reord the on-
dutane aross the sample, whih provides an estimate
for the loal eletron ux
1
; alternatively, one an dene
bins spanning dierent angles, and ollet the urrent
in the drain ontats; see Fig. 1(a). For the prodution of
EPR pairs, desribed in Fig. 1(b), the eletrons are ol-
leted at two detetors plaed so that only ollisions with
a sattering angle θ within a small window δθ around π/2
are olleted: θ ∈ [π/2− δθ, π/2 + δθ]. We introdue the
onserved total momentum P = p1 + p2 = p
′
1 + p
′
2, the
relative momenta p = 12 (p1 − p2), p′ = 12 (p′1 − p′2), and
the sattering angle θ = ∠(p′,p); see Fig. 1(). The
most favorable arrangement is the Cooper hannel
5
p2 ≃ −p1, (1)
as is yields onservation of the individual energies: p1 ≃
p2 ≃ p′1 ≃ p′2, where pi = |pi|. As a onsequene, the
sattering angle θ ≃ ∠(p′1,p1) an be easily determined,
while the EPR pairs have the same energy and should
therefore arrive in the detetors at the same time. We
onsider inoming eletrons with small exitation ener-
gies ξi = ~
2p2i /2m − EF ≪ EF above the Fermi energy
EF = ~
2k2F /2m of the 2DEG (m is the eetive mass)
34
.
Now we desribe in more details the prodution of spin-
entangled eletrons. First, we use the fat that the two-
partile interferene is totally destrutive for fermions
olliding with a sattering angle θ = π/2, while, in on-
trast, the sattering of bosons is enhaned ompared to
the lassial value. This is seen in the orresponding
ross setions σB/F = |f(θ) ± f(π − θ)|2. Seond, the
fermioni harater of a pair of partiles also depends on
its spin-state
9,31,32
: a spin-singlet eletron pair
|S〉 = (| ↑↓〉 − | ↓↑〉)/
√
2 (2)
behaves, in a spin-independent ollision, like a bosoni
pair beause of its symmetrial orbital wavefuntion,
2
while the triplets
|T0〉 = (| ↑↓〉+ | ↓↑〉)/
√
2 ; |T±〉 = | ↑↑〉, | ↓↓〉 (3)
behave like fermions. It is then lear that a π/2 sattering
experiment ould distill the singlet part of unorrelated
pairs of eletrons at least in free spae.
It might seem surprising to be able to ollet spin sin-
glet states when starting from two eletrons having no
spin orrelations (they ome from two independent un-
polarized reservoirs). However, a spin-singlet omponent
is always present, as seen from the hange of basis for the
density matrix desribing the two spin state:
ρ =
1
4
1l =
1
4
∑
σ,σ′=↑,↓
|σσ′〉 〈σσ′|
=
1
4
|S〉 〈S|+ 1
4
∑
µ=0,±
|Tµ〉 〈Tµ| , (4)
where |σσ′〉 orresponds to the two-eletron state where
the eletron injeted from the rst (seond) reservoir has
spin σ (σ′).
A real detetor has a small, but nite aperture an-
gle 2δθ around θ = π/2, so that triplets will always be
present. To examine the eieny of this ollision entan-
gler, we will dene in Se. IV the ratio R between the
number of sattered triplets and singlets, NT/S . We will
nd
R = NT
NS
≃ δθ2
∣∣∣∣f ′(π/2)f(π/2)
∣∣∣∣2 , (5)
and show that |f ′/f |2 ∼ 1 at θ = π/2. Therefore, the
number of triplets (whih we want to avoid as they an
be in an unentangled produt state |T±〉) is negligible for
small δθ.
III. CALCULATION OF THE SCATTERING AM-
PLITUDE
We study in this setion the sattering between two
eletrons that are both above the Fermi surfae as op-
posed to the standard alulation of the eletron lifetime
due to sattering of one eletron above the surfae with
all the eletrons present below the surfae
5,6
. We on-
sider a lean 2D Fermi liquid with Coulomb interation,
negleting impurity sattering (the mean free path an
be around 10µm, whih is larger than the size L ≃ 1µm
of the envisioned setup
1
). The eet of phonons will be
onsidered in Se. V.
A. RPA and Bethe-Salpeter equation
In 2D, the sattering amplitude f for two partiles with
a relative momentum p is linked to the t−matrix via the
relation
35
f(θ) = − m
~2
√
2πp
t(θ), (6)
with the orresponding sattering ross-setion (length
in 2D) λ(θ) = |f(θ)|2. The 2D Coulomb interation in
vauum is
36,37
VC(q) =
∫
dre−iq·rVC(r) =
2πe20
q
, (7)
where e20 = e
2/4πǫ0ǫr. We inluded the dieletri on-
stant ǫr of GaAs and set p = kF for future omparisons
with the sattering in GaAs. The orresponding exat
sattering t-matrix is given by
35
tC(θ) =
ς
sin |θ/2|
~
2√π
m
Γ
(
1
2 + iς
)
Γ (1− iς) e
iπ/4−2iς ln | sin θ/2|,
(8)
with Γ(x) the Gamma funtion and ς = me20/kF~
2
. This
yields
|tC(θ)| = ~
2
√
πς tanh(πς)
m sin |θ/2| . (9)
Note that |tC | 6= VC , ontrary to the situation in 3D.
Next we inlude the eet of the many-partile bak-
ground, and alulate the t-matrix in the presene of the
Fermi sea. The t-matrix is given by the vertex fun-
tion t = Γ(ω1,2 → ξ1,2) appearing in the two-partile
Green funtion
4
; see Fig. 2(a). We note that the arrange-
ment p2 = −p1 orresponds to the well-known Cooper
hannel, disussed for instane in the ontext of Cooper
instability
5
. Consequently, we adopt the approah used
by Kohn and Luttinger in their work on intrinsi super-
ondutivity in a 3D Fermi liquid
12
. However, our alu-
lation diers in two ways. First, we onsider a 2D system
where the sreened potential is non-analyti (beause of
the modulus q = |q| instead of q2 in 3D). Seondly, we are
interested in the sattering amplitude, while Kohn and
Luttinger foused on the instability in the vertex aris-
ing from spherial harmonis of the rossed ('exhange')
diagram (see Λ3 below).
The two-partile Green funtion in real spae is
Gσ′
1
σ′
2
σ1σ2(1
′, 2′; 1, 2) = (−i)2
〈
T c1′σ′
1
c2′σ′
2
c†1σ1c
†
2σ2
〉
,
(10)
with the notation i = (xi, ti), σi =↑, ↓ are the spin in-
dies, and T the time-ordering operator. For a spin-
independent Hamiltonian we an write
4,12
Gσ′
1
σ′
2
σ1σ2(1
′, 2′; 1, 2) = G(1)G(2)(2π)3
× [δ(1′ − 1)δσ′
1
σ1δσ′2σ2 − δ(1′ − 2)δσ′1σ2δσ′2σ1
]
+(i/~)G(1′)G(2′)Γ−(1
′, 2′; 1, 2)G(1)G(2), (11)
with the single-partile Green funtion G(i) and
the (anti-)symmetrized vertex Γ±(1
′, 2′; 1, 2) =
Γ(1′, 2′; 1, 2) ± Γ(1′, 2′; 2, 1) expressed in terms of
3
the unsymmetrized Γ. We onsider the singlet/triplet
basis {|S〉, |T0〉, |T±〉} and introdue the orresponding
reation operators
a†S/T0(1, 2) = 1/
√
2
(
c†1↑c
†
2↓ ∓ c†1↓c†2↑
)
, (12)
a†T±(1, 2) = c
†
1↑c
†
2↑ , c
†
1↓c
†
2↓, (13)
whih we use to dene the related two-partile Green
funtions
GS/T0(1
′, 2′; 1, 2) = −
〈
T aS/T0(1′, 2′)a†S/T0(1, 2)
〉
=
1
2
{G↑↓↑↓ +G↓↑↓↑ ∓G↑↓↓↑ ∓G↓↑↑↓} ; (14)
GT±(1
′, 2′; 1, 2) = −
〈
T aT±(1′, 2′)a†T±(1, 2)
〉
= G↑↑↑↑,↓↓↓↓ , (15)
where we have dropped the argument (1′, 2′; 1, 2) for ease
of notation. Using (11), we nd that the spin and orbital
symmetry of the pair of partiles is diretly reeted in
the vertex Γ:
GS/T (1
′, 2′; 1, 2) = −G(1)G(2) [δ(1′ − 1)± δ(1′ − 2)] (2π)3
+(i/~)G(1′)G(2′)Γ±(1
′, 2′; 1, 2)G(1)G(2), (16)
where T denotes one of the triplet states T0,±. From Eq.
(16) we see that the vertex (and therefore the sattering
amplitude) has either a bosoni (symmetri) or fermioni
(antisymmetri) behavior depending on the spin state.
Therefore, we alulate the unsymmetrized vertex Γ giv-
ing the t-matrix t and the sattering amplitude f , and
(anti)symmetrize the latter aording to the spin state.
From now on we onsider the Green funtion in mo-
mentum and frequeny spae. Taking into aount on-
servation of momentum and frequeny, the vertex satis-
es the Bethe-Salpeter equation
4,12
Γ(p˜′, p˜; P˜ ) = Λ(p˜′, p˜; P˜ )
+
i
~(2π)3
∫
dk˜Λ(k˜, p˜; P˜ )G(k˜1)G(k˜2)Γ(p˜
′, k˜; P˜ ),(17)
illustrated in Fig. 2(a). We have introdued the ir-
reduible vertex Λ, the intermediate momenta k˜1,2 =
P˜ /2± k˜ given in terms of the relative momentum k˜, the
frequeny ω and the notation p˜ = (p, ω). All the possible
exhange diagrams should be inluded in Λ while avoid-
ing double-ounting physially equivalent diagrams. We
rst onsider zero temperature kBT = 0, and disuss -
nite T eets later.
In a rst stage, we use the random phase approxi-
mation (RPA) for the many-eletron bakground
4
; this
yields the sreened interation
V (q˜) =
VC(q)
1− VC(q)χ0(q˜) , (18)
given in terms of the bubble suseptibility χ0, with the
momentum transfer q˜ = (q, ωq) = p˜
′ − p˜ . The RPA re-
quires a high density, whih is ontrolled in 2D via the
Figure 2: (a) The two-partile Green funtion and the Bethe-
Salpeter equation for the vertex Γ. We only show the diret
diagrams (i.e., without the exhange ones). (b) Lowest or-
der diagrams (Λ1,2,3) ontributing to the irreduible vertex
Λ. The wavy lines denote the sreened Coulomb interation
V , given in RPA by resuming the bubble diagrams.
parameter rs = me
2
0/(~
2
√
πn) ≪ 1, where n is the ele-
troni sheet density. First, one an onsider the stati
limit
6
χ0(q, ωq = 0) = − m
π~2

1−Θ(q > 2kF )
√
1−
(
2kF
q
)2
(19)
beause the dependene of χ0 with ωq is smooth, and an
be therefore negleted in the integration of intermediate
fermioni lines whih, as we shall see below, selets
only intermediate states k at the Fermi surfae: ξk =
0 ⇒ ~ωq = ξk − ξ1 = 0 for ξ1 = 0. Note that the
divergene in the ωqintegration of V (q˜) ∼ 1/(ωq − ωp)
near the plasmon frequeny ωp disappears beause it is
an odd funtion of ω. Next, the qdependent part of
χ0(q, ωq = 0) in 2D vanishes at the Fermi surfae, as q ≃
2kF sin |θ/2| < 2kF . This justies the standard Thomas-
Fermi sreening
V (q) =
2πe20
q + ks
, (20)
with the sreening momentum ks = 2me
2
0/~
2 = kF rs
√
2.
Within RPA, the renormalized one-partile Green
funtion is given by
5
:
G(k˜) ≃ Z
ωk − ξ∗k − i Im Σ(k˜)
(21)
for small ωk and ξk. In 2D, for GaAs and kBT, ξk → 0,
one has the renormalization fator
9,10 Z = 1 − rs(1/2 −
4
1/π)/
√
2 ≃ 0.62, the renormalized mass10 m∗ = m[1 −
ln(1/rs)rs/π] ≃ 0.96m entering in ξ∗k, and the broad-
ening (inverse lifetime)
7 Im Σ ∼ ξ2 ln ξ. The latter
vanishes for partiles near the Fermi surfae (ξk → 0),
whih orresponds to well-dened quasi-partile states.
For simpliity
38
, we set Z = 1, m∗ = m, and therefore
approximate the renormalized Green funtion by the free
propagator
G(k˜) ≃ G0(k˜) = 1
ωk − ξk . (22)
We now onsider the irreduible vertex Λ in lowest
orders in V ,asmV/π~2 ∼ me20/kF ∼ rs ≪ 1. The lowest-
order diagrams are shown in Fig. 2(b); they are the single
interation line Λ1, the vertex renormalization Λ2, and
the rossed diagram Λ3:
Λ1 = V (q), (23)
Λ2 = V (q)
1
(2π)2
∫
dk1B(k1, q˜) [V (k1 − p1) + V (p′2 − k1)] ,
(24)
Λ3 =
1
(2π)2
∫
dk1B(k1, Q˜)V (k1+p
′
2)V (k1+p2), (25)
with q˜ = p˜′1 − p˜1 and Q˜ = p˜′2 − p˜1. The funtion
B(k, q˜) =
n(k+ q)− n(k)
ξk+q − ξk − ~ω ± iη (26)
arises from the frequeny integration of the bubble
diagram, and involves the Fermi oupations fators
n(k) = Θ(−ξk) at kBT = 0. We an estimate Λ2 ≃
V (q)V (kF )
∫
dk1B(k1, q˜)/(2π)
2 = V (q)V (kF )χ
0(q˜) ≃
−V (q)ks/kF (apart from negligibly small integration re-
gions), and similarly for Λ3. Hene
39
, Λ2,3/Λ1 ∼ rs ≪ 1
and we an keep only the diret interation line Λ ≃ Λ1 =
V , whih orresponds to the ladder approximation. The
riterion for the validity of the ladder approximation is
usually expressed
4
by λkF ≪ 1. This low density regime
is nevertheless onsistent with RPA, as an be seen, e.g.,
from the Born approximation
t ≃ VC ⇒ λkF ∼ 1
2π
[
mVC(kF )
~2
]2
∼
(
ks
kF
)2
≪ 1.
(27)
In summary, we need to solve the following Bethe-
Salpeter equation:
Γ(p˜′ − p˜; P˜ ) = V (p′ − p)
+
i
~(2π)3
∫
dk˜V (k˜ − p˜)G0(k˜1)G0(k˜2)Γ(p˜′ − k˜; P˜ ), (28)
where k˜1,2 =
1
2 P˜ ± k˜.
B. Energy integration and logarithmi fator
We now follow the derivation of the Cooper
instability
5
, inluding a disussion of the less standard
ase of partiles that are not in the Cooper hannel, i.e.
with p1 6= −p2. Before solving Eq. (28) to all orders, we
rst onsider its seond-order iteration, Γ(2)(p′−p; P˜ ) =
V (p′−p)+ i/~(2π)3 ∫ dk˜V (k−p)G(k˜1)G(k˜2)V (p′−k).
The ωk-integration of the Green funtions yields
4
D(k1,k2) :=
i
2π~
∫
dωkG0(k1,
Ω
2
+ ωk)G0(k2,
Ω
2
− ωk)
=
N(k1, k2)
ξ1 + ξ2 − ξk1 − ξk2 + 2iηN(k1, k2)
, (29)
with the funtion N(k1, k2) := 1 − n(k1) − n(k2). The
P˜ -frequeny ~Ω has been set to ξ1 + ξ2 to retrieve the
t-matrix, and η an be set to 0 in the denominator. We
now onsider the Cooper hannel p = p1 = −p2,k =
k1 = −k2, whih gives q = |p′ − p| = 2p sin |θ/2|, and
n(k1) = n(k2) = Θ(−ξk)⇒ N(k) = sgn(ξk). This yields
a single disontinuity in the numerator when ξk = 0,
whih oinides with the zero of the denominator (ξk = ξ)
when onsidering a vanishing exitation energy for the
inident partiles: ξ = ξ1,2 → 0.
As a onsequene, the main ontribution to the energy
integration omes from virtual states at the Fermi sur-
fae, i.e. ξk ≃ 0. We set k = kF in V , and integrate only
onD(k) = D(k,k). The dominant term omes from both
sides around k = kF and yields the fator
40
ν :=
1
2π
∫ ∞
0
dk kD(k) ≃ m
2π~2
log
ξ
EF
. (30)
This logarithmi divergene (as ξ → 0) plays a ruial
role here. It allows us to neglet the k−dependene of V ,
as it selets only intermediate states at the Fermi surfae
(their ontribution is logarithmially dominant as ξ → 0).
This is the main eet of the fermioni bakground on the
sattering, apart from the sreening.
We now onsider nite temperatures with n(k) = (1+
eξk/kBT )−1. For ξ ∼ kBT ≪ EF , we nd
ν(T ) ≃ m
4π~2
{
log
ξ2 − (kBT )2
E2F
+
ξ
kBT
[
log
kBT − ξ
kBT + ξ
− πi
]
+ 2
}
. (31)
For ξ ≫ kBT we reover (30), while for ξ ≪ kBT we nd
ν(T ) ≃ m
2π~2
log
kBT
EF
. (32)
This logarithmi fator (32) is the 2D equivalent of the
one found in the disussion of the Cooper instability for
both phonon-mediated
4
or Kohn-Luttinger
12
superon-
dutivity with the 2D density of state ν2D = m/(2π~
2)
instead of the 3D one.
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Dierent ut-os arise if the Cooper hannel ondi-
tion (P = 0) is not stritly respeted. For instane, ex-
periments might require a small but nite angle 2α =
∠(p1,−p2)≪ 1 between the inident partiles to prevent
misalignment, in whih ase we have a total momentum
P = 2p1 sinα ≃ 2kFα if p1 = p2 and |p1 − kF |, P ≪ kF .
Alternatively, partiles might be injeted in perfet op-
posite diretion (α = 0), but with a dierent energy (this
an arise e.g. in ase of hot eletrons, see Se.IV I), i.e.
p1 6= p2, leading to P = |p1 − p2|. In these ases, we nd
at T = 0
N(k, φ) = Θ(k − k+)−Θ(k− − k), (33)
where k± =
√
k2F − (P sinφ)2 ± P cosφ, and φ is the
integration angle for k [φ = ∠(k,p) + π/2 if α 6= 0;
φ = ∠(k,p) if p1 6= p2℄. In the limit |p1,2 − kF | ≪ P we
nd
ν(φ) ≃ m
2π~2
log
(
P
kF
sin |φ|
)
, (34)
where we reall that P = 2kFα or |p1 − p2|.
Therefore, the divergene (due to the single disontinu-
ity of the two Fermi surfaes for partiles in the Cooper
hannel) is ut-o bymax{ξ/EF , kBT/EF , P/kF }. Away
from the Cooper hannel (P ≃ kF ), or for large tem-
peratures (kBT, ξ ≃ EF ) the logarithmi fator disap-
pears; in that ase the fat that only virtual states having
the Fermi energy (k ≃ kF ) ontribute to higher orders
does not apply. When p1,2 ≃ kF , we must make sure
that the ingoing and outgoing states are available, i.e.
p1,2, p
′
1,2 > kF . For π/2-sattering and α 6= 0, we have
p′1,2 = p1(cosα± sinα)⇒p1 . kF (1 + α) [see Fig. 1()℄;
then α = P/2kF < ξ/EF . Similarly for p1 6= p2, we need
p2 = p1−P > kF ⇒ P/2kF < ξ1/EF . As a onsequene,
the ut-o is determined by either ξ or kBT .
Before proeeding with the solution of the Bethe-
Salpeter Eq., we omment on the dierene with the stan-
dard sattering theory in vauum, where the sattering
t−matrix is given by the Lippmann-Shwinger equation31
tvacE = V + V G
vac
E t
vac
E for an inoming energy E. As the
single-partile Green funtion GvacE (k) = 1/(E−Ek) is an
odd-funtion around the divergene at Ek = E, no diver-
gene develops, and no seletion of intermediate states k
ours.
In the ase of a Fermi sea, the Lippmann-Shwinger
Eq. is replaed by the Bethe-Salpeter Eq. (whih an
be written symbolially Γ = V + V DΓ), and GvacE orre-
sponds to the fator D, Eq. (29). This is seen by setting
EF = 0, giving N(k1, k2) → 1 and thus D → GvacE (k)
for the relative momentum k = (k1 − k2)/2. The dif-
ferene between the Fermi sea and the vauum ases lies
in the numerator N(k1, k2), whih is a diret eet of
Fermi statistis and assigns a negative sign to the ex-
hange proesses where the transitions our via two
states k1, k2 < kF below the Fermi surfae, as ompared
to the diret proesses via intermediate states above the
Fermi surfae, k1,2 > kF (see Fig. 3). In the Cooper
Figure 3: Sattering with a fermioni bakground. (a) Di-
ret virtual transition: the initial states p1,2 rst go to the
available intermediate state k1,2 > kF (1), and then go to the
nal states p′1,2 (2). This proess is represented by a term
c†
p′
ckc
†
kcp. (b) Exhange proess orresponding to c
†
p′
c†kckcp:
intermediate states with k1,2 < kF rst ll the nal states
p′1,2, reating a partile-hole exitation (1); the holes are sub-
sequently lled by the initial states p1,2 (2). The eet of
the many-partile fermioni bakground manifests itself in
the funtion N(k1, k2) in Eq. (29), whih adds a negative
sign for the exhange proess, and is therefore responsible, in
the Cooper hannel, for the logarithmi term (30) that se-
lets states at the Fermi surfae, k1,2 ≃ kF . In vauum, we
have only ase (a), so N(k1, k2) = 1 and all states ontribute
with the same sign; this yields no divergene, and therefore
no seletion.
hannel, this fator is responsible for the seletion of
intermediate states at the Fermi energy (k1,2 ≃ kF ),
via the log-divergene (30); the latter arises beause
N(k) = sgn(ξk) implies that D(ξk) ∼ 1/|ξk| is an even
funtion (after setting ξ = 0). We emphasize that the
seletion of virtual states at the Fermi energy (k ≃ kF )
disappears away from the Cooper hannel; see Eq. (34).
C. Solution as a Fourier series
We an repeat the integration over the frequeny and
energy desribed above at every order. This results in a
new Bethe-Salpeter equation
t(θ) = V (θ) + ν
1
2π
∫
dφV (φ)t(θ − φ), (35)
with the sreened 2D Coulomb potential at the Fermi
surfae
v(φ) =
2πe2
2kF sin |φ/2|+ ks . (36)
To solve this integral equation, we expand v in a Fourier
series:
v(φ) =
∞∑
n=−∞
vne
inφ , vn =
1
2π
∫ π
−π
dφV (φ)e−inφ (37)
as well as t(φ). The solution of the Bethe-Salpeter equa-
tion is then simply given by
t(θ) =
∑
n
vn
1− νvn e
inθ. (38)
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This expression for the Coulomb sattering t-matrix of
two eletrons in the Cooper hannel (p2 = −p1), in the
presene of a Fermi sea, is the main result of the paper.
We note that the proedure followed here is not valid for
very small rs ≪ ξ/EF , kBT/EF , whih will be addressed
later in App.B.
D. Fourier oeients of v(φ)
For the Fourier oeients of v(φ), we integrate (37)
in the omplex plane with z = eiφ/2. We nd
vn =
4e20
kF cos γ
∞∑
oddm≥1
cos(mγ)
2n+m
. (39)
with
sin γ =
ks
2kF
=
rs√
2
. (40)
For numerial estimates, it is more onvenient to write
the result as
vn = − 2e
2
0
kF cos γ
{Ln +An} , (41)
Ln = ln
[
tan
(γ
2
)]
cos(2nγ)− π
2
sin(2nγ), (42)
An = 2
2n−1∑
oddm≥1
cos [γ(2n−m)]
m
. (43)
For instane, for n = 0 we have
v0 = − 2e
2
0
kF cos γ
ln
[
tan
(γ
2
)]
. (44)
1. Integral approximation.
For small rs the sum (39) is smooth and an be ap-
proximated by an integral, giving
vn ≃ 2e
2
0
kF cos γ
{
sin(2nγ)
[π
2
− Si(2nγ + γ)
]
− cos(2nγ)Ci(2nγ + γ)
}
, (45)
where Si and Ci are the sine and osine integrals. This
expression an also be obtained (for large n) with a linear
expansion of the sine in v(φ) ≃ 2πe20/(ks + kF |φ|) before
alulating the Fourier oeients. For realisti param-
eters it is very aurate already for n ≥ 1. It yields the
asymptotis for n≫ 1
vn ≃ e
2
0
2kF γ2 cos γ
1
n2
. (46)
Hene, the large n dependene is polynomial, vn ∼ n−2,
whih reets the fat that the potential v(φ) is non-
analyti. This is in ontrast with the 3D ase, where
the oeients of the spherial harmonis deomposition
are
12 (2πe20/k
2
F )Ql(1 + r
1/2
s 2−1/4), and their deay is ex-
ponential in l (Ql is the Legendre funtion of the seond
kind).
2. Small rs approximation.
We now expand (45) in small rs, and nd
vn ≃ −2e
2
0
kF
{
ln(2nγ) +
1
2
− πnγ
}
→ −2e
2
0
kF
ln(2nγ).
(47)
This expression is not valid for very large n, as we ex-
panded to lowest order in nγ. It remains nite in the
limit rs → 0, beause e20 ∼ rs.
IV. SCATTERING LENGTH AND EPR PAIRS
We now apply our result to a realisti GaAs 2DEG, and
study the dependene of the sattering amplitude on the
sattering angle, rs and temperature, before disussing
the prodution and detetion of spin-entangled eletron
pairs.
A. The dierent sattering lengths
We dene the sattering length for singlets and triplets
λS/T (θ) = |f(θ)± f(θ − π)|2, (48)
following (16). We reall the sattering amplitude f(θ)
dened in (6):
f(θ) =
m
~2
√
2πkF
t(θ), (49)
with the t−matrix given by (38). Unpolarized soures
ontain 1/4 of singlets and 3/4 of triplets [see Eq. (4)℄,
whih yields the sattering length
λ(θ) =
1
4
λS(θ) +
3
4
λT (θ). (50)
We also dene the sattering length λ(1) obtained from
the Born approximation with the amplitude
f (1)(θ) =
m
~2
√
2πkF
v(θ), (51)
as well as the orresponding bare sattering lengths λC
and λ
(1)
C , obtained by replaing t(θ) with tC(θ) and vC(θ),
given by Eq. (8) and (7). We point out that ς = rs/
√
2.
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B. Total sattering length
We now take typial parameters for a 2D GaAs eletron
gas
37
, ǫr = 13.1, rs = 0.86, and a sheet density n =
1015m−2, and assume ξ < kBT = 10
−2EF (T = 20
mK). First, we estimate the magnitude of the sattering
and alulate the total sattering length integrated over
π:
λtot =
∫ π
0
dθλ(θ) =
1
4
λtotS +
3
4
λtotT = 3.39 nm. (52)
with
λtotS = 7.92 nm, λ
tot
T = 1.88 nm. (53)
This is onsistent with the ladder approximation, whih
requires λtotkF = 0.54 < 1. We now use the Born ap-
proximation (51) and write λ
(1)
tot = λ
(1)
dir − λ(1)ex . We nd
for the diret part
λ
(1)
dir =
∫ 2π
0
dθ|f(θ)|2
= λF
tan γ
cos γ
{
1− 2 sin γ tan γArcth
(√
1− sin γ
1 + sin γ
)}
(54)
with the Fermi wavelength λF = 2π/kF , and we reall
that sin γ = rs/
√
2. The exhange term is
λ(1)ex = Re
∫ π
0
dθf(θ)f(θ − π)
= λF
sin2 γ
cos 2γ
{
log
(
sinγ+
1
sinγ
)
−tanγArcth (cos γ)
}
(55)
whih yields λ
(1)
total = 11.0 nm. We see here that the
Born approximation signiantly overestimates the ex-
at result (52). For small rs, we an further approximate
λ
(1)
dir ≃ λF rs/
√
2 and λ
(1)
ex ≃ (λF r2s/2) log(
√
2/rs), whih
gives an even greater length, λ
(1)
tot ≃ 17.2 nm. Note the
divergene in the rs → 0 limit due to the forward sat-
tering (q = 0) divergene of the unsreened Coulomb
potential.
C. Angular dependene
We ompare in Fig. 4 the angular dependene of the
dierent sattering lengths for unpolarized eletrons. We
rst see that the main eet of the Fermi sea is to redue
signiantly the sattering by one order of magnitude
ompared to the vauum ase. The large renormaliza-
tion is related to the relatively large value of rs = 0.86
(and the large sreening ks ∼ kF ), whih strongly redues
the forward sattering divergene of the bare sattering
λC , λ
(1)
C (θ → 0). Furthermore, we notie that the Born
approximation λ(1) is not valid in the Cooper hannel,
as higher order terms redue the sattering amplitude.
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Figure 4: Sattering length λ(θ) for a GaAs 2DEG with sheet
density n = 4 · 1015 m−2 and kBT = EF /100 = 2K, for unpo-
larized inident eletrons. We ompare the exat result (50)
for a 2D Fermi gas to its Born approximation λ(1), and to the
bare sattering result (with no sreening) λC and λ
(1)
C ; see
Eq. (51). The main eets of the many-body bakground is
to remove the θ = 0 divergene by sreening the Coulomb in-
teration, and to signiantly redue the Born approximation
via the logarithmi orretions in Eq. (38). The inset shows
the ratio of the exat sattering length λ(θ) to the Born ap-
proximation result λ(1).
The fat that higher terms ontribute signiantly, de-
spite the weakness of V (q), is due to their logarithmi
enhanement by the fator ν.
The angular dependene of the exat sattering length
λ is similar, but not idential to the Born approximation
result λ(1), as shown in the inset of Fig. 4. Importantly,
λ(θ) is a smooth, monotoni (for θ < π/2) funtion, so
that the interferene mehanism survives for the produ-
tion of EPR pairs at θ = π/2.
D. rsdependene and Born approximation
We show in Fig. (5) a plot of the sattering length as a
funtion of the density n or rs = me
2
0/~
2
√
πn (top axis;
we keep e0 onstant), for the angle θ = π/2 (hene only
the singlet hannel ontributes). There is a strong de-
pendene ∼ n−1 of the sattering, whih ould be stud-
ied experimentally by varying n via a top gate. This
dependene also roughly applies to λ(1) and λC , while
λ
(1)
C ∼ V 2C/kF ∼ n−3/2.
The Born approximation t(θ) ≃ v(θ) is reahed when
the logarithmi fator disappears (ν → 0) and does not
enhane higher order terms; see Eq. (38). This ours at
high temperatures kBT → EF , for hot eletrons ξ ≃ EF ,
or for eletrons that are not in the Cooper hannel (P ≃
kF ). The Born approximation is also reahed in the very
small rs ∼ 0.01 limit (not shown), when νvn ≪ 1. For
even smaller rs one an neglet ks in V , whih yields the
Born approximation of the bare Coulomb potential, t ≃
VC . We note that the eet of the Fermi sea is intrinsi
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Figure 5: Sattering length λ at θ = pi/2 as a funtion of
the density n (see the orresponding rs = me
2
0/~
2√pin on
the top axis). The inset shows the omparison with the Born
approximation and the bare sattering.
in our alulation (by restriting the intermediate states
to the Fermi surfae), whih therefore annot reover, in
the rs → 0 limit, the exat result for the bare Coulomb
interation (8).
E. Dependene on T, ξ and α.
Two eets appear when one varies the temperature
T , the exitation energy ξ of the inident eletrons or
the impat angle α = ∠(p1,−p2)/2 (a nite |p1 − p2|
plays the same role). The rst one is a hange in the
fator ν appearing in the denominator 1 − νvn of the
t−matrix (38). For nite α, one should in priniple in-
tegrate ν(φ) = (m/2π~2) log (2α sin |φ|) over the inter-
mediate angle φ = ∠(k,p) in the Bethe-Salpeter Eq.
t(φ) = v(φ) + (1/2π)
∫
dφν(φ)v(φ)t(φ). However, the
dependene of ν(φ) is smooth (logarithmi) ompared to
the behavior of the Coulomb potential at the Fermi sur-
fae, v(φ) ∼ 1/(φ + rs
√
2). Therefore, we neglet this
dependene and set e.g. φ ≃ π/3 in ν(φ), whih gives a
onstant ν ≃ (m/2π~2) log (α). Hene we take
ν =
m
2π~2
log
(
max
{
ξ
EF
,
kBT
EF
, α
})
. (56)
The eet of this dependene on the sattering length
λ at θ = π/2 is shown in Fig. 6. In panel (a) we x
ξ/EF = 10
−3, kBT/EF = 10
−2
and vary α (we reall
that the Fermi temperature is EF /kB = 162K). First λ
is onstant when α < kBT/EF , and then inreases slowly
(the horizontal sale is logarithmi) as ν dereases; for
α→ 1⇒ ν → 0 we reover the Born approximation λ(1).
The funtion λ is exatly the same if one interhanges ξ
and kBT (b), or permute all the three parameters ξ, kBT
and α (-f).
Seondly, we take into aount the requirement that
the outgoing states p′1,2 are not oupied (and hene
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Figure 6: Observational sattering length λF at θ = pi/2 as
a funtion of the impat angle α (a,b), the exitation energy ξ
(,d), and temperature T (e,f) (left axis). The Fermi oupa-
tion fator F = [1−n(ξ′1)][1−n(ξ′2)] (right axis) enfores the
requirement that the outgoing states ξ′1,2 = ξ ± EF sin(2α)
are available for the outgoing sattering states. The depen-
dene of the bare λ omes from ν (56) and is the same
in all graphs. The arrows indiate the position of the xed
values, e.g. ξ/EF = 10
−3, kBT/EF = 10
−2
(a), ξ/EF =
10−2, kBT/EF = 10
−3
(b), et.
available for the outgoing sattering states), by introdu-
ing the fator F = [1−n(ξ′1)][1−n(ξ′2)] = n(−ξ′1)n(−ξ′2),
plotted in Fig. 6 (right vertial axis). At θ = π/2 we
have p′1,2 = p1(cosα± sinα)⇒ξ′1,2 = ξ±EF sin(2α); see
Fig 1(); hene for a large α the nal state ξ′2 < 0 will be
already oupied and the sattering into this hannel will
be prohibited. The transition aross the Fermi surfae al-
ways ours at the largest quantity [e.g., at kBT ≫ ξ in
panel (a)℄, and is sharp when temperature is negligible
(b,d). Note that here we onsider that the initial states
p1,2 are always lled (i.e., with oupation 1), being ei-
ther injeted from the QPC or thermally exited.
In (a) the maximum value of F (when αEF ≪ kBT )
is F = 1/4, beause the nal energies |ξ′1,2| ≪ kBT lie
within the temperature window: n(0) = 1/2. The same
ours in () for ξ ≪ kBT , while F = 1 for ξ ≫ kBT .
For negligible temperature (b,d) F saturates to 1 when
αEF ≪ ξ. We nally note that (for the fator F ) the
panel (e) orresponds to the opposite of panel (a), (f) is
opposite of (), and (b) is opposite of (d).
We an now onsider the ombined eet of λ and F
by dening the observational sattering length λF , giv-
9
ing the sattering length as ould be measured in a real
experiment. As a funtion of α, it only reprodues F
by showing a smooth (a) and sharp (b) step. In (), it
rst inreases slowly beause of the smooth transition
from F = 1/4→ 1 in the region of onstant λ (small ξ),
before following the logarithmi inrease of λ (large ξ).
In (d) the transition is sharp and starts at λF = 0. In
(e) the transition is smooth, and the measurable length
λF follows λ but is redued by a fator of 4. In (f)
there is an interesting non-monotoni behavior in the
region above kBT/EF > α; however it requires an ex-
tremely small α, e.g. α ≃ 0.2◦, not reahable in a realis-
ti experiment. We note that the rightmost parts of the
graphs (above 10−1) are only indiative, beause they do
not orrespond to regime assumed in the derivation of λ
(kBT/EF , ξ/EF , α≪ 1).
The sattering length vanishes logarithmially, λ ∼
1/ log(νV ) → 0 when all kBT, ξ and α → 0. It is rem-
inisent of the vanishing of the inverse lifetime of a sin-
gle quasi-partile exitation sattering with other ele-
trons below the Fermi surfae, when its exitation en-
ergy vanishes
7
. However, the two ases are ompletely
dierent: the lifetime diverges beause of phase-spae
onstraints due to the Fermi statistis; in our ase the
sattering of two partiles above the Fermi sea vanishes
beause of the renormalization due to the Fermi sea.
F. Quantum osillations
In addition to the destrutive and onstrutive inter-
ferene at θ = π/2, quantum osillations an be seen
in the bare sattering (of singlets, triplets or unpolar-
ized soures) as a onsequene of the angledependent
phase ς ln | sin θ/2| appearing in Eq. (8). The number
of osillations is roughly given by ς = rs/
√
2, as illus-
trated in Fig. 7. We see that the osillations are ab-
sent for n = 4 · 1015m−2, and only appear at lower
density. At θ = π/2 the quantum amplitude for un-
polarized soures is half of the lassial one given by
λclC = |fC(θ)|2 + |fC(θ − π)|2, beause the triplet on-
tribution vanishes.
For the many-partile result, suh quantum osillations
ould arise from the small imaginary part appearing with
the logarithm in ν(T ) = m2π~2
(
ln kBTEF +
π
2 i
)
, as it yields
an angle-dependent phase when summing up the Fourier
series. However, the phase is of order 1/ ln(kBT/EF )≪
1, and the osillations are not visible.
G. Prodution of EPR pairs.
We now onsider the setup of Fig. 1(b), with dete-
tors plaed at an angle θ ≃ π/2. The triplet hannel is
non-zero beause of the small aperture angle 2δθ of the
detetors. The sattering lengths for the singlet/triplet
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Figure 7: Sattering length for the bare Coulomb interation
[given by Eq . (8)℄, ompared to the lassial value given by
λclC = |fC(θ)|2 + |fC(θ − pi)|2. (a) ς = 0.6 orresponding to
n = 4 · 1015 m−2. (b) ς = 2 (n = 4 · 1014 m−2).
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Figure 8: Ratio R(θ δθ) of the number of triplets/singlets
olleted in the detetors, plaed at an angle θ and with an
aperture δθ = 5, 10◦.
hannels into the detetors read
λ¯S/T (θ, δθ) = 2
∫ θ
θ−δθ
dθ′|f(θ′)± f(π − θ′)|2, (57)
whih we use to dene the ratio
R(θ, δθ) =
NT
NS
=
3λ¯T
λ¯S
(58)
between the number NT/S of singlet/triplets olleted in
the detetors. Here we have allowed for the ase where
the average sattering angle θ deviates from π/2. We
show a plot of R(θ, δθ) in Fig. 8 for δθ = 5◦ and
10◦. We nd very low values, R(90◦, 5◦) = 0.183%,
or R(85◦, 5◦) ≃ R(90◦, 10◦) ≃ 0.7%, whih shows that
the ollision entangler is eient as singlets are predom-
inantly olleted in the detetors, even for θ = 80◦.
We note that suh deviation from π/2 would our ex-
perimentally, beause the eletrons injeted through the
QPCs have an angular spread. This spread ould, how-
ever, be redued by the use of a lense-shaped top gate im-
plementing a refrative medium for the eletron motion
2
.
Expanding in δθ we nd
λ¯S/T (θ, δθ) ≃ 2δθ(f ± fex)2
+ 23δθ
3
[
(f ′ ∓ f ′ex)2 − (f ± fex)(f ′′ ± f ′′ex)
]
+O(δθ4) (59)
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with
f ≡ f(θ) , fex ≡ f(θ − π) (60)
and
′
denotes d/dθ. For θ = 90◦, δθ = 5◦, and negleting
f ′′ we get
R(90◦, δθ) =
∣∣∣∣f ′(π/2)f(π/2)
∣∣∣∣2 δθ2 = 0.178% (61)
whih is lose to the exat value R = 0.183% found
above. Thus the Taylor approximation is aurate, and
it is lear that the triplet ontribution an be made arbi-
trarily small by reduing the aperture δθ. We note that
our alulation gives a ratio |f ′/f | of the order unity for
a wide range of parameter, kBT/EF = 10
−1− 10−10 and
rs = 0.1 − 1. Using the Born approximation we nd a
signiantly lower value (δθ = 5◦)
R(90◦, δθ) ≃ 1
4 (rs + 1)
2 δθ
2 = 0.05% (62)
that would be more advantageous for EPR prodution
(see the disussion on hot eletrons in Se. IV I).
H. Current
We now estimate the singlet urrent olleted in the de-
tetors for a given input urrent I. We neglet the angu-
lar dispersion of the inident eletrons (due to diration
on the edge of the QPC), by assuming that the eletrons
oupy the lowest transverse mode in the QPC, and that
the remaining spread ould, in priniple, be ompensated
by the use of lensing eet
2
. This gives longitudinal plane
waves (with wave vetors p1,2) having a transverse width
w roughly given by half the width of the QPC.
We rst note that the sattering length for the singlet
hannel is small, λ¯S = 0.24 nm. Taking w = 100 nm, we
nd the probability
PS =
1
4
λ¯S
w
= 0.06% (63)
for the singlets to be sattered into the detetors. First
we assume that the eletrons are injeted simultaneously
from the reservoirs (whih an be ahieved by opening
and losing both QPCs at the same time); this yields a
singlet urrent of
IS = PSI = 0.6 pA. (64)
We have onsidered a given urrent of I = 1 nA, whih
orresponds to a frequeny in the GHz range for the open-
ing and losing of the QPCs. Otherwise, the eletrons are
injeted at random times, given by a Poisson proess with
rateWin = e/I. Then the probability of nding two ele-
trons inside the sattering region (i.e., in state |p1,p2〉)
is roughly P12 = (Wout/Win)
2
, where Wout is the rate of
esape from the sattering region into the drain ontats
(Fig. 1). Finally, we nd the total sattering probability
of two eletrons
Ptot =
λtot
w
= 3.4% (65)
(i.e., not neessarily into the detetor).
An additional interesting topi is the noise
41
of the
deteted urrent. Sine this is outside the sope of the
present work, we only give here heuristi arguments. As
the sattering probability is very small, one an assume
that subsequent pairs do not interat with eah other.
This implies that the zero-frequeny noise indued by
the sattering should be mainly given by the partition
noise
S(ω = 0) ∝ IPS(1− PS) ≃ IPS ,
whih beomes Poissonian for PS ≪ 1. The pulsed inje-
tion of the eletron via e.g. the periodi lowering of the
QPC barriers redues the stohasti nature of the tunnel-
ing through the QPC if the lowering is suiently fast.
On the other hand, this periodi hange should lead to a
more omplex noise behavior for nite frequenies
42
.
I. Hot eletrons
It is interesting to onsider the ase of hot eletrons
with larger exitation energies ξ (e.g., a fration of the
Fermi energy EF of the sattering region), obtained by
applying a d bias voltage ∆V aross the input QPCs.
It an be problemati to have inident eletrons with
suh a wide range of energy, as this allows a mismath
of the inident energies (ξ1 6= ξ2) after averaging over
both inident energy ranges, whih introdues unertain-
ties in the sattering angle (see Fig 1). To avoid this
situation, one an raise the QPC heights suh as to al-
low only a very small range of eletrons to go above the
QPC barrier
2
. For hot eletrons with ξ ≃ EF , the ex-
at result moves toward the Born approximation; see
Eq. (62) and Fig. 4. Hene the sattering length in-
reases [beause the logarithmi fator dereases ν ∼
log(ξ/EF )℄, while the triplet/singlet ratio beomes more
favorable (i.e. smaller). On the other hand, the sat-
tering length beomes smaller for higher momentum [as
V ∼ 1/(k + ks)℄. Taking e.g. e∆V = 3meV ≃ EF /52,
one nds values that are more favorable than for old
eletrons: the singlet length is doubled λ¯
(1)
S = 0.56 nm,
while the triplet/singlet ratio is halved R = 0.10%. Note
that hotter eletrons have a smaller lifetime beause of
the inreased phase-spae that is available for satter-
ing with eletrons below the Fermi surfae
7
. Estimates
of the eletron-eletron sattering length le−e have been
obtained
2
for a GaAs 2DEG using imaging tehniques via
an SPM, in good agreement with theoretial preditions
7
.
In our ase, one has le−e ≃ 1.2µm, whih is similar to
the sale L ≃ 1µm of our envisioned setup. Hene, one
an expet some redution of the signal due to relaxation
into the Fermi sea, roughly given by ∼ e−L/le−e ∼ 0.3.
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J. Detetion of entanglement
An important question is to demonstrate that the ol-
leted eletrons are indeed spin-entangled EPR pairs. We
propose here three ways to answer this question experi-
mentally. The rst one is to refous the sattered ele-
trons into a beam splitter and arry out noise measure-
ments in one outgoing lead; in this situation enhaned
noise (bunhing) is a signature of the desired singlet
state, while zero noise orresponds to entangled or un-
entangled triplets
43
. However, this method would prob-
ably require some bridges to avoid the soure reservoirs.
The seond one is to arry out tests of violation of Bell
inequality
28,44,45
, by measuring single-spin projetions
via a single eletron transistor oupled to a spin ltering
devie. The latter an be a quantum dot in the Coulomb
blokade regime
46
or a QPC
47
in a strong in-plane mag-
neti eld. The third method onsists in adding a p-i-n
juntion
48,49
, allowing the reombination of the entan-
gled eletrons with unentangled holes into photons; one
should then arry out the test of Bell inequality with
the photons, by measuring their entangled polarization
modes.
In addition, we mention that the interferene meha-
nism responsible for the vanishing of the triplets at π/2
ould be demonstrated by polarizing the inoming ele-
trons spin, whih an be ahieved by applying a large in-
plane magneti eld to turn the QPCs into spin lters
47
,
or by replaing them by quantum dots
46
. The urrent
reorded at the detetors, whih is proportional to the
fration of inoming singlets ρS = (1 − P2)/2, should
then rapidly derease as the polarization P of the spins
inrease.
K. Creation of loalized, non-mobile entangle-
ment
We disuss here a way to produe stati spin-entangled
eletrons, desribed in Fig 9. We propose to replae the
two injetion QPCs by two quantum dots, eah with
an even number of eletrons, so that two exess eletrons
are in the singlet ground state
50
. Lowering the tunneling
barrier dening the dots allows for the simultaneous in-
jetion of one eletron (of the singlet pair in eah dot) into
the sattering region. If these eletrons are deteted at
π/2 by the detetor, we know that they must be in a spin-
singlet state (with ertainty 1−NT /NS). As spin is on-
served during the Coulomb sattering, the total spin for
the two eletrons left in the two dots must be zero, whih
orresponds to the spin singlet state. Therefore, one has
reated a loalized (non-mobile) entangled pair of ele-
trons separated by an interdot distane l ∼ 1µm. This
instantaneous reation (obtained by post-seletion) is a
dramati illustration of Einstein's spooky ation at a dis-
tane. Contrary to the standard EPR paradox, it does
not manifest itself in the results of measurement orre-
lations, but in the reation of a non-loal (in the sense
Figure 9: Creation of non-mobile entanglement. Eah input
QPC is replaed by a quantum dot (L and R) ontaining two
exess eletrons. The ground state in eah dot is the singlet
with total spin SL + SL′ = SR + SR′ = 0 (a). One injets
one eletron from eah dot (e.g. L′ and R′), and allows them
to satter. When they are deteted at a pi/2 sattering angle,
we know that they are in the singlet state SL′ +SR′ = 0. (b).
As the total spin is onserved, the two remaining eletrons
in dots L and R are also in the singlet state SL + SR = 0,
and therefore form a loalized EPR pair, whose members are
separated by the interdot distane l.
of non-overlapping wavefuntions) quantum state. Suh
proess, similar in some sense to entanglement swap-
ping or quantum teleportation, ould be useful in a sal-
able quantum omputer to reate entangled pairs without
having to go through the standard sequene of swapping
state, whih requires to move one eletron to neighboring
site of the other one, entangle them by loal interation
18
and move the eletron bak to its original plae. How-
ever, we note that our sheme requires a large number of
ollisions, of the order of 1/PS; this number sales fortu-
nately more slowly (∼ 1/δθ) with the aperture δθ than
the preision (∼ NS/NT ∼ 1/δθ2).
V. ELECTRON-PHONON AND ELECTRON-
ELECTRON INTERACTION
In this setion we investigate the question whether
phonons an inuene the sattering amplitude in a sig-
niant way. We rst note that the sattering of eletrons
on real phonons an be negleted here, as it is strongly
suppressed at low temperature. This is illustrated for
instane by the absene of phonon eets in the experi-
ments of Ref.
1,2
. However, the eetive eletron-eletron
interation arising from the exhange of virtual phonons
does not depend on temperature, so that it ould play a
12
role in the eletron-eletron sattering. Our goal here is
to estimate it and ompare it to the sreened Coulomb
interation whih we have onsidered so far. We shall
see that the ontribution of aousti phonons (deforma-
tion and piezoeletri oupling) is negligible, while the
polar phonons give a smooth monotoni derease of the
eletron-eletron interation that is less than 20%, and as
suh does not hange qualitatively the results presented
in Se. IV.
A. 2D phonon-mediated eletron-eletron inter-
ation
In 3D, the eetive eletron-eletron interation is
given by
5
Hphe−e =
1
2V
∑
~k,~k′
∑
~q
c†~k+~qc
†
~k′−~q
c~k′c~kW
ph(~q), (66)
where V the normalization volume, ~q = (q, qz), ~k,~k
′
are
3D vetors and q,k,k′ are 2D vetors in the plane of the
2DEG (in the following we keep the notation q = |q|).
The eletron-eletron interation matrix element reads
W ph(~q) = |M(~q)|2 2
~V
ωph(q)
ω2 − ω2(q) , (67)
where ωph(q) is the phonon dispersion, and M(~q) is the
matrix element for the eletron-phonon interation
He−ph =
1
V
∑
~q
∑
~kσ
c†~k+~q,σ
c~kσ(b~q + b
†
−~q)M(~q). (68)
Here b†~q and c
†
~k
are phonon and eletron reation opera-
tors. We shall onsider the lowest order in W ph, whih
in the Cooper hannel allows us to take the stati limit
ω = 0 as all the energies involved in the sattering are
the same, Ei ≃ EF .
The eletron-phonon interation M(~q) as well as the
eetive interation W ph(~q) are always 3D as they in-
volves oupling of the 2D eletrons with the bulk 3D
phonons. There is no 3D sreening of the bare ion-
eletron Coulomb interation, as there are no mobile
harges in the bulk. Now we dene an eetive 2D inter-
ationW2D(q), whih we shall ompare to the unsreened
2D Coulomb interation VC . We assume that the ele-
tron wave funtion is separable into a plane wave |k〉 and
a onned lateral funtion |ψ〉. For instane, one an take
an innite square well of width L
ψ(z) =
2
L
sin
(πz
L
)
(69)
whih yields the width of the 2DEG
d =
〈
z2− < z2 >〉1/2 = L√ 1
2π2
− 1
6
≃ 0.18L. (70)
We prefer to onsider the alternative variational solution
of the triangular well present at the interfae
37
,
|ψ(z)|2 = 1
2
κ3z2e−κz (71)
with the width
d =
√
3
κ
, (72)
as it allows for simple analytial expressions. We dene
the eetive W ph2D(q = k− k′) by
〈k′1, ψ;k′2, ψ|W ph|k1, ψ;k2, ψ〉 = δ(k1+k2−k′1−k′2)W ph2D(q)
(73)
and get
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W ph2D(q) =
∫
dz
∫
dz′|ψ(z)|2|ψ(z′)|2W ph(q; z − z′)
=
1
2π
∫
dqzW
ph(q, qz) |I(qz)|2 , (74)
with W ph(q, z) = (1/2π)
∫
dqW ph(q, qz)e
−iqz
and the
form fator
I(qz) =
∫
dzeiqzz|ψ(z)|2. (75)
The latter is partiularly simple for the triangular well,
I(qz) = (iqz/κ− 1)−3. Our goal is to nd the strength of
this additional e-e interation relative to the unsreened
Coulomb potential VC , by dening the ratio
r =
W ph2D
VC
(q = kF ). (76)
Parameters for GaAs We onsider a well of width
d = 5 nm, and take the following parameters51 for GaAs:
the mass density ρm = 5320 kg/m
3
, the deformation
potential onstant D = −7 eV, the piezoeletri on-
stant eh14 = 1.44 · 109 eV/m, the aousti sound velo-
ity c = 3700 m/s (we assume here that c is the same
for both longitudinal and transverse phonons), the op-
tial (longitudinal and transverse) phonon frequenies
~ωLO = 36.6 meV, ~ωTO = 33.8 meV, the ioni plas-
mon frequeny: Ωp,i = 85.5 meV and, nally, the low-
and high-frequeny dieletri onstants ǫ(0) =12.9, ǫ(∞)
=10.89.
B. Aousti phonons: oupling to the deformation
potential
We rst onsider eletrons oupled to the aousti
phonons via the deformation potential. The eletron-
phonon matrix element is
52
M(~q) = D
√
V
~
2ρic
|~q|. (77)
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where D is the deformation onstant, ρi is the mass den-
sity, and the dispersion relation is ωph(~q) = c|~q|. The
stati eetive e-e interation is a onstant
W ph(~q) = − D
2
ρic2
, (78)
whih yields in 2D for the triangular well (71)
W ph2D(q) = −
D2
ρic2
3κ
16
. (79)
The ratio (76) beomes
r(q) = −q D
2
ρic2e2
3
√
3
16d
q=kF
= −1.4 · 10−3, (80)
whih shows that the eetive interation W ph2D an be
negleted for deformation potential oupling.
C. Aousti phonon: piezoeletri oupling
For piezoeletri oupling, the matrix element reads
52
M(~q) =
eh14
ǫr
√
V
~
2ρiωph(q)
A(~q), (81)
with the polarization onstant eh14 and the anisotropy
fator
A(~q) =
{
9q2zq
4/2|~q|6 (LA)
(8q4zq
2 + q6)/4|~q|6 (TA) (82)
for longitudinal (LA) or transverse (TA) phonons. It an
be replaed by ALA = 0, ATA = 1/4 for a 2D system
onstraining momentum transfers to qz = 0. This gives
Mq =
eh14
ǫr
√
V
~
8ρic|~q| . (83)
The stati e-e interation is therefore proportional to the
3D Coulomb interation:
W ph(~q) = − 1
ρi
(
h14
2cǫr
)2
e2
q2
. (84)
Performing the transformation (74), we nd for small
q . kF /10 the eetive 2D potential:
W ph2D(q) = −
1
ρi
(
h14
2cǫr
)2
e2
2q
. (85)
This orresponds to the 3D → 2D transformation of the
Coulomb potential, i.e. 1/|~q|2 → 2/q . Finally we get
r = − πǫ0
ρiǫr
(
h14
c
)2
= −1.5 · 10−5. (86)
Hene the 2D piezoeletri ontribution is also negligible.
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Figure 10: Eetive 2D e-e interation W ph2D from LO polar
phonons as a funtion of the sattering angle θ. We take a
well with a width d = 5nm, and x q = 2kF sin(θ/2) and
ω = 0. We ompare it to the unsreened Coulomb interation
VC . Inset: Ratio R = W ph2D/VC from (91) ; the horizontal line
orresponds to the smallq approximation (90).
D. Optial phonons: polar oupling
The eletron-phonon matrix element is
5
M(~q) =
√[
1
ǫ(∞) −
1
ǫ(0)
]
2πe20
|~q|2 ~ωLOV , (87)
where ǫ(0) and ǫ(∞) are the stati and high-frequeny
dieletri onstants. For ω = 0, this yields
W ph(~q) = −
[
1
ǫ(∞) −
1
ǫ(0)
]
4πe20
|~q|2 . (88)
Hene the eetive 2D potential is, for small q,
W ph2D(q) ≃ −
[
1
ǫ(∞) −
1
ǫ(0)
]
2πe20
q
, (89)
and we get the ratio
r ≃ −ǫr
[
1
ǫ(∞) −
1
ǫ(0)
]
= −19%. (90)
As the ratio |r| is rather large, it is important to on-
sider here the more aurate expression, valid for larger
q, found by performing the integration (74) with the tri-
angular well solution (71):
W ph2D(q) = −
[
1
ǫ(∞) −
1
ǫ(0)
]
2πe20
q
× κ
8 (κ2 − q2)3
(−3q5 + 10q3κ2 − 15qκ4 + 8κ5) , (91)
whih is plotted in Fig. 10. We nd the rather unex-
peted result that virtual (optial) phonons give a signif-
iant ontribution: the ratio is |r| < 20%. However, the
eet of W ph2D is monotoni and will not hange qualita-
tively the sattering of two eletrons in a GaAs 2DEG.
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VI. KOHN-LUTTINGER INSTABILITY
Having found the sattering vertex in lowest order,
we now onsider higher-order diagrams and examine
whether superonduting utuations ould have an ef-
fet on the sattering. It has been known for a long
time
12
that in 3D the seond-order rossed diagram Λ3
in the irreduible vertex (see Fig.2) an lead to a pairing
instability and a transition to superondutivity. The
origin lies in the suseptibility χ0 entering Λ2,3; being
non-analyti, its spherial harmonis have a polynomial
asymptoti deay χ0l ∼ l−4 with respet to the oeient
l of the spherial harmonis deomposition, while the sin-
gle interation is analyti and therefore yields vl ∼ e−l.
As χ0l osillates, the irreduible vertex beomes attrative
for suiently large l: Λl ∼ v0l +Λ3,l < 0. The transition
temperature is found from the Cooper divergene of Γ,
i.e. by the relation 1 = ν3DΛl, where ν3D is the same
as (32) with the 2D density of state m/2π~2 replaed by
the 3D one. This yield an innitesimal temperature
12
,
kBTc ∼ exp(−105) for a metal with rs = 4.5.
In 2D the equivalent transition does not our, be-
ause there is no instability for partiles below the Fermi
surfae: q < 2kF and χ
0 = −N0 has no (negative) har-
monis. It has been shown, however, that higher-order
diagrams (in Λ) an lead to a transition13. Alternatively,
nite energy transfers an indue pseudo-pairing in the
d-wave Cooper hannel
17
. In our work, however, we are
not interested in a superonduting transition; rather, we
would like to verify that the sattering vertex for the in-
jeted partiles (whih are above the Fermi surfae) is
not substantially renormalized by the standard (lowest-
order) Kohn-Luttinger instability with no energy trans-
fer.
The singular part of Λ2,3 originates from the funtion
B(k, q˜) evaluated near q˜ = 0. Negleting the variations
of V in the qintegrals (24-25) (this orresponds to ap-
proximating V (r) by a very short range potential, e.g. a
δfuntion), we evaluate V at the singular points of B
and write
Λ2 ≃ 2V (0)V (2kF )
∫
dk1B(k1, q˜) = −V (0)V (2kF )χ0(q˜)
(92)
Λ3 ≃ V 2(0)
∫
dk1B(k1, Q˜) = −V 2(0)χ0(Q˜)/2 (93)
where q = |p′ − p| ≃ 2kF and Q = |p′ + p| ≃ 2kF . We
see that we an neglet Λ2 ∼ rsΛ3; we also take the stati
limit (19) of χ0(ω) as it varies on a sale ∼ EF . As Q
should be slightly above 2kF , we take
Q = kF (2 + c) cos θ/2 (94)
with c = ξ/EF ≃ 2(p − kF )/kF ≪ 1 and |θ| ≪ 1. The
Fourier oeients of the rossed diagrams are therefore
given by
Λ3,n = V
2(0)
1
2π
∫ π
0
dθ cos(nθ)
m
π~2
×
[
1−Θ(θ¯ − θ)
√
1− 1
(1 + c/2)2 cos2(θ/2)
)
]
(95)
with θ¯ ≃ √2c. In lowest order in c, we nd for the
singular part
Λ3,n = V
2(0)
m
2π~2
θ¯
4n
J1(nθ¯), (96)
and the asymptotis
Λ3,n
n≫1≃ V 2(0) m
8π~2
√
πθ¯
n3
sin(nθ¯ − π/4), (97)
ompared
12
to l−4 in 3D. Note the osillatory behavior,
whih allows for negative values. The instability temper-
ature an be estimated by requiring
|Λ3,n| ≥ vn ⇒ n > n0 = 4
πr2s θ¯
, (98)
where we negleted the osillating sine funtion, and used
(46) for vn. We nd
kBT ∼ EF e−1/|Λ3,n0 | ≃ EF e−4/r
3
sc. (99)
Note that the parameter c appears in 2D beause of the Θ
funtion in (19), and is absent in 3D. For GaAs and tak-
ing c = 0.02, we nd kBT/EF ∼ e−100, whih means that
the attrative eet of the rossed diagram is ompletely
negligible, and does not lead to any sizable utuations of
the sattering vertex. For a metal with rs ≃ 4.5, the tran-
sition temperature in 3D was found
12
to be ∼ EF e−40000;
in 2D we annot neglet the sine as in (98); numeri-
ally we nd the temperature ∼ EF e−20/c. This an
be larger than in 3D for c > 10−4, despite the fat that
the asymptoti deay of vn ∼ n−2 is muh slower than in
3D (vl ∼ e−l).
VII. CONCLUSION
The prospet of experiments probing individual ele-
tron ollisions in a 2DEG is a natural motivation to study
the problem of two eletron interating via Coulomb in-
teration in the presene of a Fermi sea. One of the main
result of this work is the expression (38) for the satter-
ing amplitude for two eletrons in the Cooper hannel.
We found that the presene of the Fermi sea yields a sig-
niant renormalization of the strength of the sattering,
rather similar to the renormalization found in the disus-
sion of the Cooper instability. This is losely linked to
the seletion of intermediate states at the Fermi surfae.
Away from the Cooper hannel, this seletion disappears,
and the Born approximation is valid. The overall angu-
lar dependene is fairly unmodied and smooth, There
is a sizable dependene on the sheet density, while the
dependene on temperature, energy and impat angle is
strongly inuened by the Fermi oupation fators. The
15
total sattering length is λtot ≃ 3 nm, whih is of the
same order as the Fermi wavelength.
We disussed how to use suh ollisions to produe
EPR pairs at a sattering angle of θ = π/2. This meh-
anism is rather robust against impreisions in θ, for an
output singlet urrent around 0.5 pA. The EPR produ-
tion was found to be slightly more eient in the ase
of hot eletrons. We disussed detetion of entanglement
and quantum interferene, and proposed a way to reate
loalized EPR pairs separated by mesosopi distanes.
We studied phonon-mediated eletron-eletron inter-
ation. We found that the dominant ontribution omes
from polar oupling to optial phonons, but does not af-
fet qualitatively the Coulomb sattering. The strength
of the Kohn-Luttinger superonduting instability was
alulated, and shown to be negligible. Finally, we devel-
oped (in Appendix B) an alternative alulation valid for
diverging forward sattering ontributions, and showed
them to be negligible in GaAs.
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Appendix A: SMALL rs-APPROXIMATION AT
θ = pi/2
Here we derive analytial expressions for the t-matrix
and its derivative at θ = π/2, whih we then use to om-
pute the ratio R. We rst note that t(π/2) is an alter-
nating series
t(π/2) = t0 + 2
∑
n>1
(−1)nt2n (A1)
where tn = vn/(1 − νvn). We write the dierenes as
tn−tn+2 = hn/[(1−νvn)(1−νvn+2)] with hn = vn−vn+2,
whih allows us to get the smoother series
t(π/2) =
h0
(1− νv0)(1− νv2) −
h2
(1− νv2)(1− νv4) + ...
(A2)
Now we use for the denominators the very small rs ap-
proximation (47) vn ≃ −v¯ log rs, v¯ = 2e20/kF , giving
t(π/2) =
1
(1 + νv¯ log rs)2
(h0 − h2 + h4 − h6 + ...) . (A3)
For the numerators we write
hn = 2v¯
(
cos γ
2n+ 1
+
cos 3γ
2n+ 3
)
+2v¯
{
cos 5γ − cos γ
2n+ 5
+
cos 7γ − cos 3γ
2n+ 7
+ ...
}
(A4)
and neglet the seond term whih is order of rs. Then
t(π/2) =
2v¯
(1 + νv¯ log rs)2
∑
n>0
(−1)n
(
1
4n+ 1
+
1
4n+ 3
)
(A5)
and nally
t(π/2) =
2v¯
(1 + νv¯ log rs)2
π
2
√
2
. (A6)
This approximation is good for very low rs; the error is
∼ 10% for rs < 0.09, whih orresponds however to a
very high density n = 4 · 1017.
We proeed similarly for the derivative t′(π/2):
t′(θ/2) = 2 (−t1 + 3t3 − 5t5 + 7t7 − 9t9 + ...) (A7)
≃ 4v¯
(1 + νv¯ log rs)2
∑
n>1
(−1)nn
(
1
4n− 1 +
1
4n+ 1
)
.
(A8)
The sum yields −π/8√2 + (1/4)(−1)N with N → ∞.
Negleting the osillating term
53
, we get
t′(π/2) =
1
2
t(π/2). (A9)
We nd in this approximation a very simple form for the
ratio
R(θ, δθ) =
1
4
δθ2. (A10)
This orresponds to the Born approximation result, Eq.
(62), in the limit of no sreening (rs → 0). This is some-
what surprising, as our result (A6) still ontains both the
sreening (nite rs) and the resumed higher order terms
(responsible for the term νv¯ in the numerator). One must
further expand t(π/2) in small rs in order to reover the
Born approximation with an unsreened potential
t(π/2) ≃ v¯ π√
2
= rsπ
~
2
m
= VC(q = kF
√
2). (A11)
The Fourier series is not well dened in this ase, beause
of the forward-sattering divergene VC(0). We also note
that the number of Fourier oeient required to reah
onvergene of the numerial Fourier sum inreases dra-
matially to nmax = 70000 for n = 10
23
(with the heuris-
ti dependene nmax ∼ r−0.8s ), as the potential beomes
more peaked.
Appendix B: FORWARD SCATTERING WHEN
rs → 0
Here we onsider arefully the limit of vanishing rs →
0, by following a dierent approah to solve the Bethe-
Salpeter Eq. that allow us to study the ontribution of
16
forward sattering states. These are indeed important in
the very small rs limit, as the unsreened Coulomb sat-
tering ross-setion has a forward sattering divergene
(i.e., for vanishing momentum transfers, q = 0) in 3D
and 2D.
The alulation whih was presented in Se. III is
based on the logarithmially dominant ontribution of
ν ∼ log c with c = max(kBT, ξ)/EF ; it is a many-
body eet, related to the sharp edge of the Fermi sur-
fae, that ours only in the Cooper hannel p2 = −p1.
This approah fails for in the situation where rs is very
small, when the sreening is too small to redue the for-
ward divergene of the unsreened Coulomb potential.
In this situation, one must onsider arefully the on-
tribution of forward sattering intermediate states with
q = |k−p| ≃ 0 as they yield at large term V ∼ 2πe20/ks.
For suh states, one must keep the restrition k ≃ p ≃ kF ,
but onsider the ontribution of small angles φ = ∠(k,p),
dened by
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φ, |φ− θ| ≪ φ¯ = d
p
→ δ
p
=
p− kF
p
≃ c
2
≪ 1, (B1)
where d = k − kF , δ = p − kF and θ = ∠(p,p′) is
the sattering angle. This orresponds to the forward
sattering into virtual states; we do not yet speify the
real sattering angle θ between the initial and nal states.
We now go bak to the iterations of the Bethe-Salpeter,
after the frequeny integration (30), still onsidering the
Cooper hannel only.
1. Angular integral.
We introdue the polar notation ki = (ki,φi) and write
the potential V (k1, φ1; k2, φ2) ≡ V (k1 − k2), assuming
p = (p, 0),p′ = (p, θ). We rst onsider the angular
integrals for the n
th
order iteration of the Bethe-Salpeter
equation:
1
2π
∫ φ¯
−φ¯
dφ1V (p, θ; k1, φ1)
1
2π
∫ φ¯
−φ¯
dφ2V (k1, φ1; k2, φ2)×...× 1
2π
∫ φ¯
−φ¯
dφn−1V (kn−2, φn−2; kn−1, φn−1)V (kn−1, φn−1; p, 0)
(B2)
≃
(
φ¯
π
)n−1
V (p, θ; k1, 0)V (k1, 0; k2, 0)...︸ ︷︷ ︸ V (kn−2, 0; kn−1, 0)V (kn−1, 0; p, 0)︸ ︷︷ ︸
= aθa
n−3 = b(kn−2, kn−1)
2. Energy integral.
First we onsider
b(k′, k) =
2πe20
ks + |k′ − k|
2πe20
ks + |k − p| . (B3)
We trunate the energy integration to a small range
k ∈ [kF = p − δ, p + δ] around p and dene B(k′) :=
(1/2π)
∫ kF+2δ
kF
dkkD(k)b(k′, k). We an expand the
lengthy result in lowest order in ks and nd
B(k′) ≃ i mπ
2e40
~2ks|k′ − p| [1 +O(ks/p)]. (B4)
Thus, the subsequent k′integration will be mainly given
by a small region around k′ = p, as expeted. Hene
one should set k′ = p in the exat result B(k′) before
expanding in lowest order of ks, whih yield
B(k′ = p) ≃ imπ
2e40
~2k2s
[1 +O(ks/p)]. (B5)
For the integration of a(k) in A :=
(1/2π)
∫ kF+2δ
kF
dkkD(k)a(k), we set k′ = p and ex-
pand the result; this gives
A ≃ −imπe
2
0
2~2ks
[1 +O(ks/p)]. (B6)
For the last term ontaining the sattering angle, Aθ :=
1
2π
∫ kF+2δ
kF
dkkD(k)aθ(k) we have
Aθ ≃= −imπe
2
0
2q~2
[1 +O(ks/p)] = Aks
q
(B7)
with q = 2kF sin |θ/2|. Writing the series t =
∑
n t
(n)
,
we nd for the nth-order term (n > 0)
t(n) =
(
φ¯
π
)n−1
An−1AθB =
2πe20
q
Dn−1, (B8)
with
D =
i
8π
c =
i
8π
ξ
EF
. (B9)
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3. Result
So far we have only onsidered the ase where all
intermediate angles are φi = 0, i = 1, ..n, and only
the nal angle is the sattering angle θ. There are
n equivalent ases giving the same ontribution, where
the rst j angles are zero and the remaining ones are
φi = θ, j < i ≤ n. Thus the expansion series of the
Bethe-Salpeter Eq. is t = V +
∑
n>0 n t
(n)
. Perform-
ing the summation, we get the sattering t−matrix for
Coulomb sattering in the limit of very small rs ≪ 1:
t =
2πe20
q + ks
+
2πe20
q
D
2−D
(1−D)2
ks≪q
=
2πe20
q
1
(1−D)2 ,
(B10)
with q = 2kF sin |θ/2|. We an further expand this result
in D ≪ 1 ⇒ t ≃ 2πe20/q = VC ; however, this merely
reets the fat that the Born approximation with un-
sreened potential is aurate in the limit rs → 0 be-
ause e20 is also proportional to rs. We also note that
with this result the sattering amplitude has a phase
2Arctan|D| = 2Arctan(φ¯/8π); however, it is independent
from the angle θ and therefore does not yield quantum
osillations in the singlet/triplet sattering length as dis-
ussed in Se. IVF.
In the ase of forward sattering
55
with θ = 0, the
ounting of equivalent arrangements of the intermediate
states gives a fator 2n instead of n. The result has a
more familiar form:
t =
2πe20
ks
1
1− 2D. (B11)
As expeted, the forward sattering amplitude (B11) is
larger than (B10) by a fator ∼ q/ks ∼ 1/rs.
4. Comparison
We now ompare the nth order obtained here, t
(n)
rs de-
ned in Eq. (B8) with the alulation of Se. III, i.e. the
mth Fourier oeient t
(n)
m = vm(νvm)
n−1
. Their ratio
is
t
(n)
m
t
(n)
rs
=
vmq
n2πe20
(νvm
D
)n−1
∼ 1
n
[
log
(
ks
kF
)]n [
ks
kF
log c
c
]n−1
(B12)
where have onsidered the small rs approximation (47)
vm ≃ (2πe20/kF ) log (ks/kF ). Therefore, the alulation
of Se. III is valid provided that
rs| log rs| ≫ π√
2
c
| log c| (B13)
Taking c = δ/kF = 0.01, we nd that we need rs >
0.01, whih is always the ase for typial semiondutor
material. In onlusion, the large value of rs does not
allow one to see the ontribution of forward sattering
into (virtual or real) states.
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